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^ I Abstract 

f— ^ ' The axial anomaly in hadronic system produced via mixing of quark propagator 

^ ' '^1234 and ^0) which occurs through the operation of G12 and G13 of E. Cartan on 

^r^ . the spinors A,B,C,D and vectors E, E' is investigated. When 2 final vector particles 

belong to the same group [EE or E'E'), the process is called rescattering diagram, 



^ I and when they belong to different groups {EE'), the process is called twisted diagram. 

The twisted diagram is interpreted as an instanton effect and plays a role in 77 — >■ 77 
and 7/' ^- 77. 

Assuming the triality selection rules of octonions, dark matter is interpreted as 
matter emiting photons in different triality sector than that of electromagnetic probes 
in our world. 
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1 Introduction 

According to Hawking and Mlodinow, physical theories are assembly of mathematical models 
or assembly of rules that connect elements of models and observables^. In QED, complex 
numbers and quaternion are used and in QCD also the same number system is used. A 
quaternion operates on a two component spinor. Pauli spinor is a two component spinor, 
but Dirac spinor is a four component spinor, and there is an octonion that operates on a 
four component spinor, which has the triality symmetry. 

E.Cartan[2J studied algebra of systems of spinors and vectors which has the triality 
symmetry. His spinors consist of = ^{A,B) whose elements ^*=i, have an even number of 
indices and ip = *(C, D) whose element C,* have an odd number of indices. The spinor bases 
A,B,C,D are expressed as 

A = C,u(T^ + ^240"y + ^340"2 + ^I 
B = ^230"x + C,3l<^y + ^12<^z + 6234I 

D = 6340-^ + ^3uay + ivii<yz + ^123! (1) 

and the vector fields are expressed as 

E = Xii + X2J + x^k + X4I 

E' = x[i + X2J + x'^k + X4I. (2) 

The coupling of spinors to vector particles x, and x' are expressed as ^(pCXip. E. Cartan 
considered 5 superspace transformations G23, G12, G13, 6*123 and 6*132. By the transformation 
G12, the spinor *{A,B) is transformed to E,E' in which the 4th component of the vector 
field X4 and x'^ are interchanged and E, E' are transformed to *(A, B) in which ^1234 and ^0 
are interchanged. I study in this paper, consequence of the interchange of the 4th component 
in the octonion by extending the QCD using octonions. The QCD in quaternion basis was 



studied in [21 SJ |5l [6l [7] , and recently I discussed the axial anomaly using octonion bases and 
considered rescattering diagrams in [8]. 

The triangle diagram yields the electromagnetic anomaly of the axial quark charge current 



where F^,^ is the electromagnetic field strength 
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is the quark electric charge and tr is over colors and flavors [9]. 

The Nambu-Goldstone boson vr's decay into two gamma rays is described by divergence 
of the axial current. The Adler-Bardeen[10]'s theorem says that higher order effects in the 
triangular diagram of pion decay into two photons can be incorporated in the renormalization 
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The axial anomaly is not exhausted by the single loop, and radiative corrections were 
evaluated by several authors [HI HH [13]. loffe calculated the divergence of the axial current 
from the triangle diagram using the gluonic field strength as 

where iVc = 3 is the number of colors. 

The vector particles that propagate between the triangle diagram and the square diagram 
can be photons as well as gluons. In low energy, the effect of gluons is expected to be 
important, but transition from two gluons to two photons via square diagram or the gluon 
and photon scattering at low energy is not well understood [14]. 

In the rescattering diagram, I considered the change of vector particles Xi and Xj to x^ 
and x'j without changing the polarization direction. 



In chiral gauge theory, left-handed quark and left-handed leptons are defined as 
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and right-handed leptons "^r are defined as 
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The left-handed fermion *(A, B) is defined as a fermion and its right-handed anti-particle 
(C, D) is defined as a new right-handed fermion. 

When Gi3 operates on left-handed fermion the 4th component of A and B, ^q and .^1234, 
respectively are interchanged: 
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The fermionic Lagrangian in the standard model is 
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In E. Cartan's convention, the projection operator —^ is contained in or ■?/' and 
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Quarks and leptons belong to their triality sectors, and I assume that the electromagnetic 
interaction has the triality selection rules, or electron e, muon /i and tauon r react to quarks 



in their same triality sector. Quarks may emit photons in arbitrary triahty sector, but if 
photons from quarks in the triahty sector different from that of leptons are not detected, the 
experimental result of /i — > 67 decay is not observed, and the probability is less than 10^^^ 
can be understood. 

I consider in this paper, the transformation of two vector particles to quark-antiquark 
pair and returning to two same type of vectors E, E or E', E' which is called rescattering 
diagram and different types E, E' which is called twisted diagram. 

2 Rescattering diagrams 

Due to 75 operator in the axial vector vertex, the triangle diagram induces the 4 components 
(9j, Xj, dk and x^, and the anti-commutation factor eij^^n- Emitted two vector particles can be 
absorbed by a fermion and the fermion can emit two vector particles. When the polarization 
of the two vector particles do not change in the two emission, I call the diagram as rescattering 
diagram. 

In QED, a Cg term appears from rescattering of two photons of two different polarizations, 
as shown in Fig. 1-8. They contain square diagrams contoured by four quark lines. In 
Fig. 1-4, axial vector current couples to fermions with even number of indices, and In Fig.5-8, 
it couples to fermions of odd number of indices. 

I choose the propagator between two vector particles emission points in the A1X2X3 or 
^1X2X3 diagram and between the final X2X3 or X2X3 emission points to be spinless. In this 
model, the Aia^ vertex is produced from the product: 

^120-z X 6l0"j/ -^ -M(^x, i?.i(^z X ^240-y -^ -Aia^ , ^aCr^ X ^2Cyy ^ -^[(^x 

and ii2Acrz x ^smo-j/ ^ -A\a^ . 

Similarly, A2(yy vertex is produced from the product: 

630"a; X ,^120-2 -> -A'^dy, ^140-3; X ^34(7^ -> -^'2^y , 6o"x X ^^a^ -^ -A2ay 

and ii2A<yz X 6340-a; -^ A2(Ty 



and A3{A'^)az vertex is produced from the product: 
and ^suCTy x ^234.crx -> -^43(7^ 
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Figure 1: The triangle loop diagram of axial Figure 2: The triangle loop diagram of axial 

anomaly. AiXgX^ type and its rescattering. anomaly. ^1X3X3 type and its rescattering. 
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Figure 3: The triangle loop diagram of axial Figure 4: The triangle loop diagram of axial 

anomaly. A[xsX2 type and its rescattering. anomaly. A[x2Xs type and its rescattering. 
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Figure 5: The triangle loop diagram of axial Figure 6: The triangle loop diagram of axial 

anomaly. Aix'^x'^ type and its rescattering. anomaly. ^1X2X3 type and its rescsttering. 
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Figure 7: The triangle loop diagram of axial Figure 8: The triangle loop diagram of axial 

anomaly. Aix'^x'2 type and its rescattering. anomaly. Aix^x'^ type and its rescattering. 



3 Twisted diagrams 

When the vector particles are self-dual, there is no reason to restrict emission of two vector 
particles in the triangle diagram to be of type xiXj or Q = x'^x'j. When the emitted vector 
paricles are X4x'^ or x'^Xi, where i = 1, 2, 3, the fermion square diagram can emit two vector 
particles Xjx'^ or x'^Xk where j. ^ k and they are not equal to 'i' and '4'. When the emitted 
vector particles are X2X3 or X2x'^, the fermion square can emit X1X4 or x[x4, respectively. 

When the vector fields can be treated as self-dual, i.e. Xi and x', interact with ^1234 and 
.^0, one could consider topologically complicated processes in which after twice rotations, 
(the first via .^1234 and the second via .^0) the initial configuration reappears. 

Gi3 transforms {A^, A2, A3, A^) -^ {A^ A2, A3, B^) and {B^, B2, B3, B^) -^ {B^, B2, B3, A^) 
In other words .^1234 is replaced by ^o- 

In Fig.9-16, the quark spinor .^1234/ absorbs vectors Xi, the spinor ,^0-^ absorbs x'^. Glu- 
ons polarized in the 4 directions x']^,x'2,X3,X4^, Xi,X2,x'3x'^ or x']^,X2,x'3,X4^ ( and Xi,x[ inter- 
changed) appear in the twisted diagrams. 

The vector X4 and x'^ have common coupling to spinor ,^123 and ,^1. In Fig. 9, the product 
^i<^x X ^2i<^y -^ ^jgk and ^2i<^y X ^123-^ " ^ ^2^ the final two vectors Xgk x X2^ makes a vector 
product -Xii. After emission of X2, .^123 emits a x'^ and becomes ^O) and as shown in Fig. 10, 
absorbs x'^ and becomes ^123. It emits X3 and x'2 and becomes .^1. It emits xi and goes to 
^1234- 'C1234 absorbs Xi as shown in Fig. 9 and emits x'^ and X2 and returns to .^123. In Fig.ll 
and Fig. 12, the spinor ,^123 is replaced by ^1. 

The relative sign of x'^ x X2J from Fig.9 and x^ x X3k from Fig. 10 is cancelled by the 
relative sign of the product of 6 vertices ^^Xj^^i, where j runs from 1 to 4, and ^*,.^*' run 
^a,C,ai3,C,ai3'r OT ,^1234 that appear in the Figures. 

The vector x'^^ and Xi have the common coupling to spinor ,^234 and ,^4. In Fig. 13-16, the 
same mechanism occurs in Fig. 9-12, in which ^123 is replaced by ,^234 and ,^1 is replaced by 
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Figure 9: The axial anomaly diagram via 
AiXix'^ to Aix'^X2- 
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Figure 10: The axial anomaly diagram via 
AiXix'^ to AiX:ix'2. 
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Figure 11: The axial anomaly diagram via Figure 12: The axial anomaly diagram via 

AiXix'^ to Aix'^X2- AiXix'4^ to A1X3X2. 

Diagrams for vertices via A2X2X4 to A2x'iX3 etc and via ^3X3X4 to AsXix'a etc are the 
similar. 

In Fig. 17-24, 1 show the cases of the vector particles Xi/x[ and x'Jx^ in the final state. In 
Fig. 17- 18, the quark propagator between x'^ and Xj, is ^suon the side of Ax vertex, but ^1234 
or ^0 on the side of x\xi . ^1234 and ^0 are the 4th component of spinor B and A, respectively. 
When G\2 operates on *(y4, 5), ,^1234 and ^0 are interchanged. Therefore, a mixing of ,^1234 
and ^0 inside the quark loop occur. In Fig. 17, .^3 that emits X3 becomes ^1234 and will absorb 
X3 as in Fig. 18, and emit x\ and X4 and become ^314. It emits X2 and becomes ^o- It absorbs 
X2 as in Fig. 17, emits x\ and X4 and becomes ^3 as in the beginning. 

Thus, mixing of ^1234 and ^0 is important. Experimentally, X\X/x or X\X/l state will not 
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Figure 13: The axial anomaly diagram via Figure 14: The axial anomaly diagram via 

AiX^x'i to AxX^Xz- AiX4x[ to AiX2x'^. 
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Figure 15: The axial anomaly diagram via Figure 16: The axial anomaly diagram via 

AiX4x[ to Axx'^Xz- A\X4x\ to AiX2x'^. 
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Figure 17: The axial anomaly diagram via 

A1X2X3 to AiXix'4^. 
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Figure 18: The axial anomaly diagram via 
Aix^x^ to Aix'iXi. 
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Figure 19: The axial anomaly diagram via Figure 20: The axial anomaly diagram via 

A1X2X3 to AiXiX'4^. Aix'2X3 to Aix[x4. 

be detected, but via rescattering it changes to X2'x3 or X2X3' state. 

The diagrams for A2x'iX3, A2Xix'^ and A3X2Xi,AsX2x'i are similar. In all the cases, the 
relative sign produced from the order of vectors Xi and x' is cancelled by the relative sign of 
the products of 6 vertices ^*Xj^=k/ and ^*'XjC,'^ . 

The twisted diagrams assume mixing of ^1234 and C,o, which appears after transformations 
G^i2 5 Gi3, G123 and 6*132 • The two vector particles which appear in the triangle diagram belong 
to different groups E and E'. Such processes would contribute in the instanton and do not 
enter in decays of a Nambu-Goldstone boson. 

The decay process of Nambu-Goldstone boson 7r° can be derived from current algebra 
and constrained by the symmetry of the vector current, whose triality sector is fixed. The 
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Figure 21: The axial anomaly diagram via Figure 22: The axial anomaly diagram via 

Aix'^X2 to AiXix'^. A\x'^X2 to Aix'iX^. 
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Figure 23: The axial anomaly diagram via Figure 24: The axial anomaly diagram via 

Aix'^X2 to AiXiX'^. Aix'^X2 to Aix[x4. 
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gluons exchanged between the quark triangle, and the quark rectangle would be constrained 
to be in a triahty sector, and the twisted diagram does not contribute. The standard chiral 
effective theory predicts [12] 



2 'H 

a vti' 






Experimentally, r(7r° -^ 77) = 7.82 ± 0.14 ± 0.17eV[ 

Divergence of an isoscalar axial current could play a role in r^ ^^ 77 and/or v( -^ 77 
decay processes, in which instanton contribute and the twisted diagram appear. A simple 
theoretical extension of 7r° -^ 77 to r^ — )■ 77 predicts [12j 

Experimentally, r(?7 — )■ 77) = 0.510 ± 0.026keV[T6] is about 4 times larger. The large decay 
width of r] — > 77 is regarded as an instanton effect. 
A simple multiplication of (mr,//m^)^ predicts 

Experimental data of r{ri' -^ 77) = 4.34 ± 0.14keV[T6] is about 6 times larger, and the 
average decay width of r] and rj' is 5 times larger. It could be due to the contribution 
of twisted diagrams in isoscalar pseudoscalar meson decays, and presence of 5 superspace 
transformations Sjj=23,i2,i3(G'iiG'j,'^ + Gjj'Gij) and 2^^^=123,132 (Cij-fcC"!. + G~j\Gijk). In the 
decay of isovector 7r° — > 77, only the rescattering diagrams contribute, and if effects of the 
difference of X4 and X4 is not large, the decay width would be 5 times smaller than the 
average decay width of 77 and rj' . 

4 Discussion and Conclusion 

Whether E. Cartan's spinor matches the dynamics of QCD is not trivial. However, if physical 
theories are assembly of mathematical models or assembly of rules that connect elements 

13 



of models and observables[T], there is a possibility that the triality symmetry plays a role 
in QCD. The possible role of the triality property of S0(8) group in the quark system was 
discussed in [15]. In my model, the triality selection rule in the electromagnetic interaction 
of leptons was incorporated, and no selection rule was assumed in the interaction of quarks. 

Photons emitted from matter made of quarks that belong to a triality sector different 
from that of electromagnetic probes, will not be detected, and the matter will be assigned 
as a dark matter. Dark matter search is done by the XenonlOO detector [17], and a direct 
detection of composite dark matter through lattice calculation of electromagnetic form fators 
and comparison with the data of XenonlOO was proposedflB]. The dark matter with masses 
less than lOTeV was excluded in this analysis, however the detection through electromagnetic 
probe in our world would be impossible due to the triality selection rule. 

The dark matter search was done also in AMS-02 by measuring positron fraction in cosmic 
rays[T9]. The signal that is detected in our electromagnetic probe would not originate from 
dark matter, but rather from pulsars, as a recent analysis suggests [20]. 

A comparison of the decay width of r^ — )■ 77 and r( — )• 77 could be a place to study 
the effect of triality symmetry, including rj ^ gg and rj' — )■ gg in the twisted diagrams. An 
investigation of the photon-gluon scattering contribution to the structure functions of deep 
inelastic scattering for unpolarized as well as polarized photons and gluons[l3] could provide 
helpful information. 

In [7], I considered three massless neutrinos in different triality sectors interacting with 
each other and produced one heavy and two degenerate light neutrinos, z/g, t'^ and Vr have 
their lepton partners. I expect e, /i and r are sensitive to flavors, but blind to the triality 
of neutrinos, quarks and gluons, and that they are sensitive to the triality of electromag- 
netic waves. If electromagnetic waves from different triality sectors cannot be detected by 
electromagnetic probes in our world, we can understand the presence of dark matter. 

In the rescattering or twisted diagrams, qq state that decay into two vector particles 
appears. Brodsky and Shrock [211 [22] discuss problems in the expectation value of qq in 
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QCD, which gives too large cosinological constant Q^, and claimed that Qa has the spacial 
support within hadrons. Whether the spacial support and the region where the trialty sector 
agrees with that of our electromagnetic probes could match is under investigation. 
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